We introduce an improved version of the zero temperature quark-hadron crossover equation of state, QHC19, which describes hadronic matter by the Togashi et al. equation of state ), and quark matter via the Nambu-Jona-Lasinio model with two phenomenological parameters, a short range universal repulsion between quarks, and an attractive diquark interaction, producing pairing of quarks. We describe the physical ranges of these parameters and find a maximum neutron star mass, 2.35 M . After a brief review of the construction of the quark-hadronic equation of state by a constrained interpolation between hadronic and quark regimes of dense matter, we delineate the resultant neutron star properties. These agree very well with the inferences of the LIGO/Virgo collaboration, from GW170817, of the pressure vs. baryon density, neutron star radii, and tidal deformabilities.
INTRODUCTION
Low density matter is nucleonic (hadronic) and becomes strongly interacting quark matter at high densities. At very low baryon density quarks and gluons are confined into hadrons, and the system is characterized by non-relativistic nucleons interacting via nuclear forces. However, in deriving an equation of state for neutron star matter at high densities one must take quarks seriously as the physical degrees of freedom. The underlying physical picture of the crossover from nucleons to quarks is illustrated in Fig. 1 , which shows how quarks begin to roam over greater distances with increasing density. The strongly interacting intermediate regime, across which the system transitions from nucleonic to quark degrees of freedom, is difficult to describe owing to the inability to calculate the equation of state at finite baryon density via lattice quantum chromodynamics (QCD) simulations. To construct such a picture, we adopt the general approach of taking a realistic nucleonic matter equation of state at low to medium densities, a strongly interacting quark matter equation of state at high density, and constructing a thermodynamically consistent (and highly constrained) interpolation Baym et al. (2018) .
between the two regimes (Masuda et al. (2013) ; Kojo et al. (2015) ; Baym et al. (2018) ). We call the equation of state QHC (for Quark-Hadron Crossover). The initial version of our equation of state, called QHC18, is available on the CompOSE (Compstar) repository at https://compose.obspm.fr/eos/139/. Here we give an improved version, QHC19, with full details posted on CompOSE at https://compose.obspm.fr/eos/140/.
This quark-hadron crossover picture stands in strong contrast to the commonly used method [dating back to Baym & Chin (1976) ] of inferring a transition from hadrons to quarks by comparing hadronic and quark equations of state at high density and choosing the one with the lower energy density at high baryon density. Such an approach has two serious deficiencies. First, the assumption that at densities well above the saturation density of symmetric nuclear matter, n 0 0.16 fm −3 (corresponding to 2.7 × 10 14 g cm −3 ), one can construct a physically meaningful hadronic equation of state is not valid.
1 The second is that such an approach automatically rules out stiff quark equations of state that lie above the presumed high density hadronic equation of state. The result of using this procedure is that one finds only small quark cores inside neutron stars (Akmal et al. (1998) ). Rather, in the quark-hadron crossover picture neutron stars can develop robust cores with quarks capable of supporting neutron stars of more than two solar masses.
In QHC18 we adopted the equation of state of Akmal, Pandharipande, and Ravenhall [APR] (Akmal et al. (1998) ) for homogenous nuclear matter to describe the nuclear matter liquid interior of neutron stars up to a density twice n 0 . APR is the result of a thorough variational calculation including realistic two-and threebody nuclear forces of the ground state energy of pure neutron matter (PNM) and symmetric nuclear matter (SNM, containing equal densities of neutrons and protons). To use APR to describe matter in beta equilibrium containing a finite fraction, Y p , of protons, it is necessary to interpolate between these limits, generally quadratically in the variable α = 1 − 2Y p . Here Y p = n p /n B , where n B = n n + n p , the sum of the neutron and proton number densities, is the total number density of baryons.
Togashi et al. (Togashi & Takano (2013) ; Togashi et al. (2017) ) have extended the APR approach, enabling the construction of a thermodynamically consistent equation of state (which we henceforth refer to as simply Togashi). Beyond being able to treat the non-uniform matter in the crust and the uniform matter at medium density within the same framework, the Togashi equation of state describes all values of the proton fraction Y p without an interpolation between PNM and SNM. Furthermore the Togashi equation of state is readily generalized to finite temperature. Such consistency is otherwise difficult to achieve by joining equations of state constructed separately in different density regions.
In QHC18 we used Togashi only up to a density 0.26 n 0 , where it matched smoothly onto APR. In this paper we now improve on QHC18 by employing the Togashi equation of state for all densities, from 4.73 ×10 −10 n 0 to 2n 0 , where strangeness does not yet appear. (For extension of the Togashi equation of state to hyperons, see Togashi et al. (2016) ). We thus arrive at a self-consistent description of the physics across the entire nuclear matter regime. We label the present equation of state QHC19. In the liquid interior both APR and Togashi are relatively soft; neutron matter in the Togashi equation of state compared with APR is slightly softer near n 0 , and slightly stiffer at higher densities,.
1 The situation is comparable to attempting to construct an equation of state for a metal, Nb say, from a full knowledge of NbNb atomic scattering. Such a procedure misses important physics. For example, it wold never enable one to predict that metallic Nb becomes a superconductor.
In the following section we summarize the Togashi equation of state; more technical details can be found in Ref. Togashi et al. (2017 where m N is an average nucleon mass, Y p from 0 to 0.65; and temperature T from 0 to ∼ 400 MeV. This range of ρ, Y p , and T is useful for dynamical simulations of highenergy astrophysical phenomena, including neutron star mergers, core-collapse supernovae, and cooling of protoneutron stars.
In the following sections we first discuss the nucleonic regime in greater detail, and then the Nambu-JonaLasinio model for quark matter at higher density. We then turn to the interpolation region, and finally discuss the structure of neutron stars described by the QHC19 equation of state. As we show, QHC19 agrees strikingly well with the inference of the equation of state by the LIGO/Virgo collaboration from the binary neutron star merger event GW170817, and is fully consistent with their radius and tidal deformability determinations. The NICER X-ray timing observatory will provide effectively model-independent precision data on the compactness (mass/radius ratio) of neutron stars, which will further tune the QHC19 equation of state.
THE HADRONIC REGIME
We briefly summarize the key features of the Togashi equation of state for the hadronic regime in comparison to the APR equation of state. Both are based on a Hamiltonian including two-body interactions extracted by fitting two-nucleon experimental scattering data, as well as more empirical three-body interactions fit in part to light nuclei. (These are interactions that cannot be realized as a sum of two-body interactions, as in the effect of solar-induced earth tides on the dynamics of the moon.) While nuclear matter at the saturation point, n 0 , is relatively dilute and dominated by two-body interactions, to reproduce the empirical saturation density of symmetric nuclear matter via quantum manybody calculations, as well as the binding energies of light nuclei, one needs to include three-body forces as well. Three-body forces increase in importance with increasing density. Our present knowledge of three-body forces is much less complete than that of two-body forces, and one should in the future be able to replace these phenomenological nucleonic interactions by nuclear forces deduced directly from lattice QCD simulations (Hatsuda (2018) ).
Both APR and Togashi et al. solve the many-body problem by choosing a variational wave function with parameters determined by minimizing the total energy. The general form of the wave function is that of a free Fermi gas multiplied by factors that build in two-particle correlations dependent on the relative spin, isospin, and orbital angular momentum of the two-particles. The variational wave function used by Togashi et al. is capable of describing all Y p , while APR limited themselves to SNM and PNM. Despite their differences in approach both the Togashi and APR calculations of the energy of pure neutron matter and of symmetric nuclear matter are in good agreement (Kanzawa et al. (2007) ).
An illustrative comparison of the Togashi and APR equations of state near the saturation point in SNM can be made by expanding the energy per baryon in powers of x = (n − n 0 )/3n 0 and α = 1 − 2Y p , following the convention in the CompOSE repository: 
MeV in APR.
2 In neutron stars, the Togashi equation of state is slightly stiffer at higher densities than APR, as seen in the radii, R = 11.6 km for Togashi vs. 11.5 km for APR, and the tidal deformability, Λ = 360 vs. 268, for a 1.4 M neutron star (in the crust in APR we use the Togashi equation of state for n B ≤ 0.26n 0 ). In contrast, QHC19 (set B, Fig. 3 ) gives R = 11.6 km and Λ = 350 for a 1.4 M neutron star.
In the neutron star crust, Togashi et al. assume a single species of heavy spherical nuclei forming a BCC lattice surrounded by a gas of nucleons (Shen et al. (2011 ), Oyamatsu (1993 ), and construct the equation of state by the Thomas-Fermi method. The crust extends to density 0.625 n 0 , as is found by comparing the energy per nucleon, for given average n B and Y p , for inhomogeneous matter with that for homogeneous matter. As reported in Ref. (Kanzawa et al. (2009) ), the properties of neutron star crusts calculated with the Togashi equation of state are consistent with those in previous studies (Baym et al. (1971) , Negele & Vautherin (1973) , Douchin & Haensel (2001) ).
The Togashi equation of state outlined above can be generalized to finite T in terms of the Helmholtz free energy, F (n B , Y p , T ) ), thus providing a unified framework to treat both homogenous and inhomogeneous matter with thermodynamic consistency.
QUARK DEGREES OF FREEDOM
Deeper into the interior, beyond some 2n 0 , the hadronic description of matter begins to break down and quark degrees of freedom begin to emerge. Exactly how matter makes a transition from hadronic to quark degrees of freedom is not yet understood. We first describe the regime at higher densities, above some 4-7n 0 where quark degrees of freedom are dominant, and defer a discussion of the transition to the next section. The study of the high density regime requires calculations within quantum chromodynamics (QCD). Although QCD is an asymptotic-free gauge theory, with the interactions between quarks and gluons becoming weak at very high baryon densities (Collins et al. (1975) ), such densities are well beyond those in neutron stars. At baryon densities relevant to the core of the neutron stars (several to 10 times n 0 ), the baryon chemical potential µ B is in the range 1.5-2 GeV, where the strong coupling constant α s is of order 1, too large to allow a perturbation theory calculation of the properties of quark matter. In this strong coupling regime of QCD, one must take into account non-perturbative effects including the generation of constituent quark masses owing to chiral symmetry breaking (strong quark-antiquark pairing) (Hatsuda & Kunihiro (1994) ), quark-quark pairing leading to color superconductivity (Alford et al. (2008) ), and the mutual interplay of these effects (Hatsuda et al. (2006) ).
This non-pertubative regime at finite baryon density can be treated approximately via the Nambu-Jona Lasinio (NJL) effective model (reviewed in Ref. Buballa (2005) ), in which gluon degrees of freedom are taken into account only implicitly. The model contains quarks (q) of three flavors -up, down, and strange (u, d, s) -and of three colors, a flavor-dependent current mass m q , as well as four-Fermi interactions in the scalar-pseudoscalar channel, the vector channel and the diquark channel, with coupling strengths G, g V , and H, respectively. In perturbative QCD, G, g V and H are all related to the single gluon exchange process between quarks, while in the non-perturbative regime, they are taken as independent parameters. The model also includes the (instantoninduced) six-quark interaction with coupling strengths K and K (Baym et al. (2018) ).
The thermodynamic Gibbs potential per unit volume at high density, Ω HD , is a sum of quark and lepton contributions which are functions of the baryon chemical potential. µ B , the charge chemical potential, µ Q , the temperature, as well as auxilliary color chemical potentials, µ 3 and µ 8 ; in the absence of higher order electron-quark couplings,
Here, the M i (i = u, d, s) and ∆ j (j = ds, su, ud) are the dynamically generated quark masses and color superconducting gaps, whileμ indicates the dependence on the chemical potentials. The quark part is normalized in the vacuum to Ω q (μ = 0, T = 0; M i , ∆ i = 0) = 0; Ω HD is given explicitly in (Baym et al. (2018) ). The M i and ∆ j minimize the free energy, and are thus determined by the conditions, ∂Ω HD /∂M i = 0 = ∂Ω HD /∂∆ j , for fixed chemical potentials. The baryon density n B is obtained from n B = −∂Ω HD /∂µ B , electrical neutrality from n Q = −∂Ω HD /∂µ Q = 0, and color neutrality from the two equations ∂Ω HD /∂µ 3 = ∂Ω HD /∂µ 8 = 0. The pressure, P HD , is simply −Ω HD . Generally P HD at given baryon density increases as H and g V increase (Baym et al. (2018) ). We focus here on zero temperature, relevant to the recent LIGO/Virgo constraint on the equation of state from tidal effects obtained from GW170817 (Abbott et al. (2018) ). We take the parameters G, K as well as the bare quark mass m i and the momentum cutoff Λ NJL in the NJL model to have their standard vacuum values (HK parameter set in Table I of (Baym et al. (2018) ). While in the standard description of the NJL model, the parameters g V and H are determined by a Fierz transform of the one-gluon exchange interaction, we vary them here since the equation of state and the subsequent neutron star structure are, as we see below, rather sensitive to their values. The effect of K can be absorbed in the variation of H and g V as far as the equation of state is concerned, so that we take K = 0 throughout. 
QUARK-HADRON CROSSOVER
We now return to the transition from hadronic to quark degrees of freedom. The simplest picture is that of quarkhadron continuity or a quark-hadron crossover, discussed from the points of views of quark percolation (Baym (1979); Ç elik et al. (1980) ; Satz (1998)), of QCD symmetry breaking (Schafer & Wilczek (1999) ; Hatsuda et al. (2006) ), and of neutron star phenomenology (Masuda et al. (2013) ). As the baryon density increases in this scenario, matter evolves continuously from hadronic to strongly interacting quark matter with color superconductivity. Unlike in the more conventional description of the transition from hadronic matter to weakly interacting quark matter via a first order transition (Baym & Chin (1976) ; Alford et al. (2013) ), the transition occurs gradually in the range 2-5 n 0 without a discontinuous jump (or perhaps with a small jump) in the energy density. The quark-hadron crossover allows a relatively stiff equation of state capable of supporting neutron stars of masses greater than 2 M with a substantial quark core (Masuda et al. (2013) ; Kojo et al. (2015) ).
Since neither purely hadronic nor purely quark matter descriptions are reliable in the range 2-5 n 0 , we construct the equation of state by a smooth interpolation between hadronic matter at n B ≤ 2n 0 and quark matter at n B ≥ 5n 0 . In this interpolation it is most convenient to construct the thermodynamics in terms of the pressure, P , as a function of the baryon chemical potential, µ B . The interpolation must satisfy the constraints obeyed by the pressure, that its first derivative, ∂P/∂µ B = n B , the baryon density, must be positive, and that it must be convex for all µ B , i.e., ∂ 2 P/∂µ 2 B = ∂n B /∂µ B > 0; in addition the adiabatic sound velocity, c s = ∂P/∂ε = ∂ ln µ B /∂ ln n B , cannot exceed the speed of light, c. Given the hadronic pressure at n B ≤ 2n 0 , these constraints allow only a limited range of quark pressures at n B ≥ 5n 0 . Later we further impose the two-solar mass constraint.
We parameterize the interpolating pressure in the range 2 − 5n 0 as a polynomial in µ B ,
and determine the c α by matching P inter and its first and second derivatives of the P with respect to µ B to those of hadronic and quark matter at 2n 0 and 5n 0 , respectively.
3
For the six boundary conditions, α max = 5. The quark model parameters that have a particularly important impact on the pressure are g V and H. We first determine the range of g V and H that is consistent with the constraint on the sound velocity. Figure 3 shows (c max s
/c)
2 as a function of g V and H; the resolution in the figure is ∆g V = ∆H = 0.01G. The uncolored area violates either causality or thermodynamic stability (i.e., leads to an inflection point in P (µ B ) and is unphysical. As the figure indicates g V and H are strongly correlated. The causality constraint bounds g V above by
1.3 G, implying that within this NJL description quark matter equations of state for n B ≥ 5n 0 cannot be too stiff. As we see in Fig. 3 , the maximum sound velocity for given g V is least in the middle of the allowed region of H. We focus here on four parameter sets, 4 with H chosen to give the least c (0.6, 1.43) (set A), (0.8, 1.49) (set B), (1.0, 1.55) (set C) and (1.2, 1.61) (set D), indicated in Fig. 3 .
In Fig. 4 we show the density dependence of c 2 s for the sets A-D together with that in APR and Togashi. Replacing a hadronic with a quark equation of state at high density reduces the speed of sound, avoiding the causality violation (c s > c in both APR and Togashi for n B 5.5n 0 ). The bump in the QHC19 curves for n B = 3-5 n 0 is a consequence of connecting a soft low density equation of state with a stiffer one at high density, without violating causality. (By contrast, the sound velocity at finite temperature and zero baryon density dips between the hadronic and quark regimes (Asakawa & Hatsuda (1997) ).) 
NEUTRON STAR STRUCTURE
We now indicate the astrophysical consequences of the QHC19 equation of state for a wide range of g V and H. Figure 5 shows the maximum neutron star mass, M max , for given g V and H. The absolute maximum M max is 2.35M at (g V , H)/G (1.30, 1.65), which is at the causal boundary. Furthermore, the constraint that the equation of state must be able to support stars of at least two solar masses sets the lower bound, g V /G 0.60-0.75, where the detailed value depends on H. Beyond the minimal value of H, the maximum mass is reduced by increasing H until the equations of state become acausal. Figure 6 shows the central baryon density n c B in units of n 0 for the maximum mass neutron star for each parameter set. The central density at M max always exceeds 5.5n 0 . The central density falls with g V because the repulsion disfavors large density, while increasing H tends to increase the central density; although larger H stiffens the equation of state of quark matter, it softens it in the interpolated region, with the net effect that the central density is larger for larger H. The baryon density distribution of neutron stars for parameter set B is shown in Fig. 7 . For M > 1.2M the core is beyond the pure nuclear regime. As M increases to ∼ 1.6M , the core density increases slowly to ∼ 3.5n 0 . Beyond this region the core density grows more rapidly, reflecting the peak structure of the sound velocity around n B = 3-5 n 0 (Fig. 4) ; after passing the peak the equation of state softens. For the stiffer sets C and D, the location of the peak shifts to higher density and the core density grows more slowly. The neutron star mass-radius relation is shown in Fig. 8 for the parameter sets A-D, together with the masses of PSR J1614-2230 (M/M = 1.928 ± 0.017), and PSR J0348-0432 (M/M = 2.01 ± 0.04). The curves for A-D largely overlap for M 1.4M where the corresponding density is n B 2.5-3n 0 . The radii at M = 1.4M are 11.6 km, largely due to the relative softness of the Togashi equation of state. The radii are consistent with the LIGO/Virgo inference 11.9 ± 1.4 km (Abbott et al. (2018) ).
We look now at the dimensionless tidal deformability Λ of neutron stars (Hinderer (2015) ) calculated with the QHC19 equation of state. The deformability has a strong impact on the phase evolution of gravitational waves from neutron star mergers, especially at the stage where two neutron stars are not touching but are close enough for the tidal fields to deform each other. The deformability is strongly correlated with the neutron star compactness, M/R; less compact stars deform more easily, and thus have larger Λ. The gravitational waveforms in a merger of two stars of masses M 1 and M 2 are sensitive to the combination, Λ = 16 13
of the masses and Λ i of the individual neutron stars. The individual Λ i can be regarded as functions of the stellar M i , and thus the independent variables inΛ are M 1 and M 2 .
In Fig. 9 we showΛ calculated with QHC19 for three representative chirp masses,
−1/5 , equal to 1.188 M (corresponding to GW170817), 1.045M , and 1.306M , as a function of the mass ratio q = M 1 /M 2 . For equal masses (q = 1.0) these chirp masses correspond to M 1 = M 2 = 1.37M , 1.2M , and 1.5M . The parameter sets A-D give very similar curves forΛ so we display only that for set B. The calculatedΛ for M chirp = 1.188M is consistent with the LIGO/Virgo constraints: for low spiñ Λ = 300 Finally we compare the QHC19 equation of state, P vs. m N n B , with that recently inferred by the LIGO/Virgo collaboration (Abbott et al. (2018) ). The latter takes into account the two solar mass constraint, causality, the measured tidal deformability, and assumes the nuclear equation of state at low density to be SLy4. The QHC19 equation of state is remarkably consistent, especially for parameter sets C and D, with the LIGO/Virgo inference, except at low density due to the difference between the LIGO/Virgo-assumed SLy4 and the Togashi nuclear equations of state.
CONCLUSION
The QHC19 equation of state, which includes the physics of strongly interacting quarks at high densities, well describes neutron stars with masses up to 2.35 M , and is in good agreement with inferences by LIGO/Virgo, from the GW170817 neutron star merger, of the equation of state as well as radii and tidal deformabilities.
There is still room for improvement, however, of the equation of state, from the crust through to dense quark matter. The present description of the nuclei in the crust assumes the usual neutron shell closures at neutron number N = 50 and 82. As a consequence neutron drip is predicted to occur in the 82 neutron shell at 118 Kr. How these shell closures are modified for very neutron rich nuclei, as a consequence of the nuclear tensor force, remains an open question. In addition one must take into account nuclear "pasta" phases in the innermost crust (Ravenhall et al. (1983) ; Hashimoto et al. (1984) ; Watanabe et al. (2001); Caplan et al. (2018) ).
Hyperonic degree of freedom play a role at higher hadronic densities. Reference (Togashi et al. (2016) ) ex- Fig. 10. -Comparison of pressure vs. rest mass density, mnn B between QHC19 for the parameter sets A-D to the confidence ranges given by LIGO/Virgo (Abbott et al. (2018) ). Sets C and D fall within the LIGO/Virgo 50% band.
tends the Togashi equation of state to hyperonic nuclear matter containing Λ and Σ − hyperons at zero temperature. This study finds that the Λ hyperon appears at 0.42 fm −3 when relatively attractive hyperon interactions are adopted. This density is well into the interpolation region here, and does not affect the present results. Nonetheless, the large uncertainty in hyperon interactions makes it desirable to investigate further effects of hyperons in dense matter with state-of-the-art hyperon-nucleon and hyperon-hyperon interactions from laboratory experiments and from lattice QCD simulations.
A major problem in QCD is the lack of a theory of the crossover from hadronic to quark matter, containing both hadronic and quark degrees of freedom. Efforts in this direction include, e.g., McLerran & Reddy (2018) ; .
In the quark regime, we need to understand microscopically how the parameters of QHC19 -the vector coupling, g V , and the pairing strength H -arise from QCD in terms of the strong interaction running coupling α s (µ B ). A step in this direction has been to relate g V to the QCD quark exchange energy at moderate densities, including effects of non-perturbative chiral and diquark condensates as well as a gluon effective mass ). More generally one needs to go beyond the phenomenological NJL model, which does not contain explicit gluons.
Finally, we must generalize the present QHC19 equation of state to non-zero temperatures, 100 MeV, to enable modelling neutron star-neutron star and neutron star-black hole mergers as sources of gravitational radiation; work in progress will be reported in Baym et al. (2019) . See also (Furusawa et al. 2017 ).
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